
 

E.IE
1 wx Ox
2 deg L 70 40 2 deg L
3 deg L 1 qe 1k L q

4 deg 2172 L globally generated
5 deg L 73 L very ample

PE By Riemann Roch

wx ox

21,4 5 immediate special cases e.g
40 2 1 g deg L

3 deg L1 1 40 2

L Ox dives se 40 21 03
dives effective

Ox q degree are

Cos X as proper genus one came k E

0 1 1 k Pic x g 0 9
Pf inj.by exish 4 surj.by lemma 3 D

Def An elliptic curve he is a.us proper

genus E w a b point eEE k



Prof Let Eye be an elliptic curve

Then E is isomorphic to a cubic curve

y22 tayxyz.az'yz aziz ayxz agz
where a Ek
If char k 2 then E is isomorphic
to a cubic of the form

y z x3 az x2 ay172 9623
If char k 2,3 then E is isomorphic
to a _cubic of the farm

y t x3 94 72 9623

The isomorphism can be chosen sit em 0 10

Proof We use embeddings given by the

veryample line bundle Q 3e

i E IP HO OE 3e P2

Holoce Opel k 0Be Que H 0150 H oGe

Ho
Y XY x3y2

HQYE.FIl spanslxt G3

u ve k ahaj as a'yad tk sit

vy an xy azly ux ajx a'yx ay

replace y by a vy and by aux

a v y a xy azy uv3 a jx afx ag



divide by 4403

y an xy azy
3
92

2
ayx a

specify i E IP by the

line bundle with globally generating sections

Q 3el 1 14,11 as chosen above

7 B are 9
2 923

E 1

If char k 2 can replace y by y anxtas

y tapxy azy 4 291 93 1 axtas

so that y x3 asx2 ayx tag

If char k 2,3 can replace by 392
has a pale of order 2 at e

y has a pale of order 3 at e

Extesiytes in
21

1

If
Rink u X ytu y

then get new Weierstrass eqn w

coefficients a 9



I

4

Dr PDG

The group law

let E et be an elliptic came

We have a canonial bijection

EYIG.it Io E
Lee I L

Which endows ECK with a group structu

Eck D e

where E k Elk ECK can be

explicitly described by p q r ECK

P 9 r 0 O ptqtr Gcse TOM

9iareiieethepainti.ie npts
in its Weierstrass embedding

Since intersection points can be described
explicitly as rational functions in the
coordinates can upagrade E to a

group variety We give a more abstractapp



Jacobians

Def degree 0 Picard functor
us proper carve over k k

T scheme over k

Pico XXT L Pick't ᵗEEpic
prf Pic T Pico XXT

b c prfit trivial on each fibre
Pic X T PIC XXT pr Pic T

Picy Schip Sets

T Pic X T

f t s ft Pic X S Pic X T

Is the d Picardfunctrafx

Def Jacobian
The Jacobian of a cure is

a scheme Jas x together with
a universal degree 0 line bundle

UE Pic X Jar x s.t for

any Teschk L Pic X T there
is a thinciphism fit Jac x at

fell Lt



Runt Jac X is unique if it exists

Theorem X as proj came 1k
Then Jack exists and is an

abelian variety of dimension g x

We will show existence and dimension
only for X of genus one

EEtpatsd.ie is a commutative

Need to give a morphisms
M Jac x x Jac x Jac X
and e pt Jac x

satisfying certain compatibility
conditions
for µ can take the morphism

corresponding to the line bundle

prpllopri.ME Pic Jac x

for e can take morphism correspending

to Ox Pick pt
Definition of inverse



They Let F e be an elliptic came

Then E together with the

line bundle

UE QA pratQC e Pic E

is the Jacobian variety for E

Pf later need cohomology and
base change
which is an extremely useful
technical tool to know about

Care If X is a genus one carve then

Aut X AX is transitive

Pf pick eeX1k making into
a group scheme with identity eeX
EXCK 9

is an automophism with 9 e



j invariant
suppose char k 2 Eye elliptic curer

with Weierstrass form y x tazx ayx 96

IT E IP Holoke IPT hyperelliptic
TT over

IP HOLOCKS E.IT y.zfEest
e xie yle 1

YE n x ̅
1 03 EIPYfe les to higher order

I ramified at and zeroes Xin of
3
9 94 96 x a x b x c

PGLRIA P2 is three transit.ve holhtef
ordering

replace Ifa why 1 x 7

ic

Corollary it char k 2

ever elliptic came is isomorph
to a cubic of the farm y 111 7



Lemia The elliptic names

E y x x e x 7 7 011

Eyl y 1 771 71 7 0,1

are isomorphic iff
7 e 7 717 7721 In 53.7

If it E IE then 7 5
where a b c 011,7 since they must
be in the same liner system
Similarly if 7 Era for a b it 0,773
then the substitution yields an iso

Df j invariant

5171 28

key point

Prof Two elliptic comes are isomorphic
iff their j invariants are the same

127 Forany jek there is an ellipticcame with j invariant j



Prof 7 follows from
517 j 7 iff 7 t 53.7

2 solve equation
j 28,111

for 7

j Ey

The involution x y z Ex Y Z

restricts to E and commutes with IT

T E E hyperelliptic involution
psf corresponding to the

non trivial element of the Gala's extension

E KEPT

Lemma let X be a
genus one

Tune In p
X IPT deg 2 map

Then there are automorphism
9EAut X TEIP sit

ex
Thd 2

IP I ps
commutes



Pt let pre Ramlts p e Ran Hz
choose 9 Auf X sit 9 ppl P2
Then both 17209 and Ty
are ramified at p and correspond
to map given by Q 2pm D

Prop Ele elliptic came

Aut Eye finite of order
2 if j E 0,1728
4 if 5 1728 char k 3

6 if j 0 char k 3

12 if j 01 1728 char k 3

Pf E Ex ps

lay For any 9 Aut Ele tEAut IPT

sit To 9 to t

and t permutes 0,1 7

lAut E e I Auth 153 12

if id 9 or id

if e id a 15,1 7 init
Éiementary argument

moduli of elliptic comes in DM


